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We use the conceptual idea of ‘‘maps on orbifolds’’ and the theory of the non-Euclidean
crystallographic groups (NEC groups) to enumerate rooted and unrooted maps (both
sensed and unsensed) on surfaces regardless of genus. As a consequence we deduce
a formula for the number of chiral pairs of maps. The enumeration principle used in
this paper is due to Mednykh (2006) [15], it counts the number of conjugacy classes of
subgroups in NEC groups which are in one-to-one correspondence with unrooted (sensed
or unsensed) maps.
© 2009 Elsevier B.V. All rights reserved.
0. Introduction
A sensed (respectivelyunsensed)map is an equivalence class ofmaps on a closed orientable surface,where the equivalence
relation is given by sense-preserving (respectively, sense-preserving or sense-reversing) map homeomorphisms.
Wormald [24,25] and Walsh [23] have calculated sensed and unsensed 1-, 2- and 3-connected planar maps. A formula for
the number of sensed planar maps with a given number of edges was obtained by Liskovets [14]. More recently, Mednykh
and Nedela [16] enumerated sensed maps of a given genus.
In the present paper we employ a geometric approach to enumerate sensed and unsensed maps based on the
enumeration of rootedmaps on cyclic orbifolds and on the determination of the unrooted coefficients in terms of torsion free
epimorphisms from orbifold fundamental groups onto cyclic groups. This method further extends the one used in [16,17]
to count sensed unrooted maps and hypermaps on closed orientable surfaces of given genus. We also deduce formulas that
give the number of ‘‘reflexible’’ maps and the number of chiral pairs (or twins) of maps. A sensed mapM may, or may not,
be isomorphic to its mirror image. In the first caseM is reflexible, while in the second case it gives rise to a chiral pair of
maps. Enumerating twins in a given family of maps is notoriously a hard problem. To the best of our knowledge there are no
published results on enumerations of twins regardless of genus. The present paper provides such an enumeration formula.
We believe that an asymptotic analysis of the formulas derived in this paper is possible and that such analyses would
resolve a widely circulated belief, but not yet proven, that almost all maps are chiral.
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Although we only enumerate rooted and unrooted maps on surfaces regardless of genus, we point out that the method
used here is quite general in the sense that it allows, for instance, the enumeration of sensed and unsensedmapswith a given
distribution of vertices, edges and faces, provided the corresponding problem is already solved for rooted maps on closed
and bordered surfaces. It is worth to mention that our enumeration results can be translated into results on enumeration of
free subgroups and their conjugacy classes in certain universal Fuchsian groups.
1. Preliminaries
We start by listing some statements that will be extensively used in the subsequent sections.
The signature σ(α) = (1s12s2 ...nsn) of a permutation α of degree n determines the cycle structure of α; the term ksk
means that α has sk cycles of length k (k = 1, 2, . . . , n). A formula yielding the number of permutations of given signature,
which is well known (see for example [20], Prop. 1.3.2, p. 18), is reproduced in the following lemma.
Lemma 1.1. The number of permutations of degree n with signature σ(α) = (1s12s2 · · · nsn) is given by
ν(α) = n!
1s1s1!2s2s2! · · · nsnsn! =
n!
n∏
k=1
ksksk!
.
Let G = 〈x1, x2, . . . , xr〉 be a group generated by x1, x2, . . . , xr and let f : G → Sn be a homomorphism satisfying
some property P . We say that P is invariant under conjugation if for any σ ∈ Sn the homomorphism f σ : G → Sn,
g 7→ f σ (g) = σ ◦ f (g) ◦ σ−1 also satisfies P . Typical examples of invariant properties P under conjugation are:
• f satisfies P if the images x1 = f (x1), x2 = f (x2), . . . , xn = f (xn) act fixed point freely on the set {1, 2, . . . , n};
• f satisfies P if for any i = 1, 2, . . . , n the element xi = f (xi) has fixed cycle structure σ(xi) = (1si12si2 . . . nsin).
Let G be a finitely generated group and letHomP (G, Sn) be the set of homomorphisms satisfying a propertyP invariant
under conjugation. Each element f ∈ HomP (G, Sn) defines an action of G on the set {1, 2, . . . , n}. Denote by T ranP (G, Sn),
the subset ofHomP (G, Sn) composed of the transitive actions of G on {1, 2, . . . , n}. The elements of T ranP (G, Sn) will be
called transitive homomorphisms.
Put BPn = ]HomP (G, Sn) and TPn = ]T ranP (G, Sn). Set also BP0 = 1 and TP0 = 0.
We shall employ the following elementary lemma (see [21], Exercise 5.13, p. 111).
Lemma 1.2. The number BPn of homomorphisms f : G → Sn satisfying a property P invariant under conjugation, and the
number TPn of transitive homomorphisms with the same property are related as follows:
(1) BPn =
∑
i+j=n
(
n− 1
j
)
TPi B
P
j
(2)
∞∑
k=1
TPk
k! z
k = log
∞∑
k=0
BPk
k! z
k.
Remark. This has first appeared in the paper by Hurwitz [7] where he had computed the number of non-equivalent
coverings over the sphere having simple branch points of order two. A similar result has been used later by Hall [6] to
calculate the number of subgroups of given index in a free group. In a more general form it has appeared (though not stated
in a form of generating functions) in [5,22].
LetP be a set of subgroups of a finitely generated group Γ , closed under conjugation. Denote by EpiP (K ,Z`) the number
of epimorphisms K → Z` with kernel in P .
By [15,17] we have the following counting lemma.
Theorem 1.3. Let Γ be a finitely generated group. Let P be a set of subgroups of Γ closed under conjugation. Then the number
of conjugacy classes of subgroups in P of index n in Γ is given by the formula
NPΓ (n) =
1
n
∑
`|n
`m=n
∑
K<Γ
[Γ :K ]=m
EpiP (K ,Z`).
As we shall see later, conjugacy classes of subgroups of a certain universal group are closely related with isomorphism
classes of maps. The need to find EpiP (K ,Z`) is clear from Theorem 1.3. In this direction the following lemma, by Jones [11],
is useful.
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Lemma 1.4. Let K be a finitely generated group. Then the number Hom(K ,Z`) of homomorphisms and the number Epi(K ,Z`)
of epimorphisms K → Z` are related by
(i) Hom(K ,Z`) =∑d|` Epi(K ,Zd);
(ii) Epi(K ,Z`) =∑d|` µ ( `d )Hom(K ,Z`)
where µ is the arithmetic Möbius function.
In what follows we shall employ a particular generalization of Lemma 1.4. Let G be a group and ω : G→ Z2 = {1,−1}
be a homomorphism. Following [19] we shall call a pair (G, ω) a group with sign structure. An element x ∈ G will be called
positive ifω(x) = 1 and negative ifω(x) = −1. Equivalently, since the image of a homomorphism is determined by its kernel,
a groupwith sign structure is a couple (G,G+), whereG+ is the subgroup of positive elements. LetG = (G, ω) and A = (A, η)
be two groups with sign structure. A homomorphism ψ : G → A is said to be orientation-preserving if ψ(G+) ⊆ A+ and
ψ(G−) ⊆ A−. An epimorphismψ : G→ A is orientation-preserving if and only if its kernel is a subgroup ofG+. Note that the
commutator [a, b] = aba−1b−1 of two elements in a group with signed structure is always positive. Thus the derived group
G′ = [G, G] < G+. It follows that there is an induced signature on the abelianization H1(G) = G/G′ with group positive
elements G+/G′. Denote by Hom+(G, A) and Epi+(G, A) the respective numbers of orientation-preserving homomorphisms
and epimorphisms G→ A. As a consequence we have,
Lemma 1.5. Let G = (G, ω) and A = (A, η) be groups with sign structure and let A be abelian. Then Hom+(G, A) = Hom+
(H1(G), A).
Note that a finite cyclic group with a nontrivial signed structure is of even order, and the set of positive elements is
determined by the unique subgroup of index two. The following lemma from [12] (see also [13]) will be useful.
Lemma 1.6. Let G be a group with sign structure. Then
Epi+(G,Z2`) =
∑
d|`, `d odd
µ
(
`
d
)
Hom+(G,Z2d).
We shall also use extensively the following observation. Let
G = 〈x+1 , x+2 , . . . , x+k , y−1 , . . . , y−m〉,
be a group with sign structure generated by positive elements x+1 , x
+
2 , . . . , x
+
k and negative elements y
−
1 , . . . , y
−
m. Then a
homomorphismψ : G→ A is orientation-preserving if and only if the elementsψ(x+1 ), ψ(x+2 ), . . . , ψ(x+k ) are positive and
ψ(y−1 ), ψ(y
−
2 ), . . . , ψ(y
−
m) are negative.
2. Maps on orbifolds
A topologicalmap is a 2-cell decomposition of a surface. Maps can be viewed as cell embeddings of graphs into surfaces.
Two categories of maps will be distinguished depending on whether orientation-reversing morphisms (coverings) between
maps are considered or not. Our aim is to study maps on closed orientable surfaces.
2.1. Sensed maps
By a (combinatorial) sensed map we mean a triple (D; R, L) composed by a finite set D and two permutations R and L,
with L satisfying L2 = 1, generating a transitive subgroup of the symmetric group SD. The elements of D are called darts and
the respective orbits of R, L and RL are called vertices, edges and faces. Edges of size one are called semiedges (topologically
these correspond to free edges). The genus g of a sensed mapM = (D; R, L) is given by 2 − 2g = V + E + F − |D| where
V is the number of vertices, E is the number of edges and F is the number of faces. IfM has no semiedges (i.e. if L is fixed
point free) then |D| = 2E and then 2 − 2g = V − E + F . Sensed maps describe topological maps on orientable surfaces
with a chosen global orientation. Hence they are determined up to orientation-preserving self-homeomorphisms of the
surface-preserving vertices, edges and faces. This gives rise the following definition: two sensed maps are isomorphic, and
write (D1; R1, L1) ∼= (D2; R2, L2), if there is a bijection D1 → D2 such that ψR1 = R2ψ and ψL1 = L2ψ . In particular, if
D1 = D2 = D, then (D; Rψ , Lψ ), where ψ ∈ SD ranges through all permutations of degree n, determines an isomorphism
class of maps based on D.
A mapM = (D; R, L)may, or may not, be isomorphic to itsmirror imageM−1 = (D; R−1, L). IfM ∼=M−1 we say thatM
is reflexible, otherwise themapsM andM−1 are chiral and the pairwill be called a chiral twin. A sensed rootedmap is a 4-tuple
(D, x0; R, L), where x0 ∈ D is a root, and (D; R, L) is a sensed map. Finally, a map where all the darts are distinguished (or
labeled) will be called a labeled map. Note that the number of labeled maps on n darts is equal to (n− 1)! times the number
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of rooted maps. Relaxing the condition on the transitivity of 〈R, L〉we get the concept of sensed premap, rooted premap and
labeled premap. Clearly, each premap (D; R, L) is a disjoint union of maps, those corresponding to the orbits of 〈R, L〉 on D.
To each sensed mapM = (D; R, L) there is an associated closed orientable surface (that is, a compact orientable surface
without boundary) which can be constructed by attaching a 2-cell to each orbit of the permutation RL. Hence M can be
considered as a topologicalmap. In turn, any topologicalmapon a closed orientable surface can be realized as a combinatorial
sensed map. Topological maps correspond to cellular embeddings of graphs and since graphs were generally assumed
to be without semiedges, we will interpret ‘‘sensed maps on closed surfaces’’ as maps without semiedges. The theory of
sensed maps [9] was built around a close relationship between maps and subgroups of a certain universal group. Denote by
∆+ = ∆+(∞,∞, 2) = 〈α, β|β2 = 1〉 ∼= Z ∗ Z2. Given a sensedmap (D; R, L) the assignment α 7→ R and β 7→ L extends to
an epimorphismΦ : ∆+ → 〈R, L〉. It follows that∆+ acts onD by z ·x = Φ(z)x for z ∈ ∆+ and x ∈ D. The stabilizer K ≤ ∆+
of a point x ∈ D, has index [∆+ : K ] = |D|. Vice versa, each subgroup K ≤ ∆+ of finite index determines a rooted sensed
mapM = (D; R, L, x0), where D is the set of left cosets xK , x ∈ ∆+, and the action of R and L is defined by left multiplication
R(xK) = αxK , L(xK) = βxK and x0 = K is the trivial coset. Moreover,M has no semiedges if and only if K is torsion free.
We summarize the above considerations in the following proposition, see [9].
Proposition 2.1. The following statements hold true.
(1) Rooted sensed maps on n darts are in 1–1 correspondence with subgroups of ∆+ of index n.
(2) Isomorphism classes of sensed maps on n darts are in 1–1 correspondence with conjugacy classes of subgroups of ∆+ of index
n.
(3) The above maps are free of semiedges if and only if the respective subgroups of ∆+ are torsion free.
The goal is to understand the structure of the subgroups K ≤ ∆+ of finite index that give rise tomaps on close orientable
surfaces. This is the case when K is isomorphic to the fundamental group of the punctured surface S−B, where B is the set of
points corresponding to vertices and face centers. In this case the structure of K is determined by the underlying surface S.
If [∆+ : K ] = 2e = n, where e is the number of edges, then K is a free group of rank e+1. Sensedmaps on closed orientable
surfaces are (by definition) semiedge-free sensed maps and so they are in 1-1 correspondence with torsion free subgroups
of∆+.
Proposition 2.2. In the following two cases the referred objects are in 1–1 correspondence.
(1) Rooted sensed maps on closed orientable surfaces with e edges, and free subgroups of ∆+ of rank e+ 1;
(2) Isomorphism classes of sensed maps on closed orientable surfaces with e edges, and conjugacy classes of free subgroups of
rank e+ 1 in∆+.
In this paper we considermaps on orbifolds. This is a new and fruitful ideawhichwas already used in our previous articles
[16,17]. By an oriented orbifold O we mean an oriented surface S with a distinguished discrete set of points B assigned by
integers m1,m2, . . . ,mi, . . . such that mi ≥ 2 or mi = ∞, for i = 1, 2, . . .. Elements of B will be called branch points and
the respective numbers m1,m2, . . . ,mi, . . . will be called branch indices. If S is a compact connected orientable surface of
genus g then B is finite of cardinality |B| = r and O is determined by its signature [g;m1,m2, . . . ,mr ]. Hence we write
O = O[g;m1,m2, . . . ,mr ]. The fundamental group pi1(O) of O is an F-group defined as follows
pi1(O) = F [g;m1,m2, . . . ,mr ]
=
〈
a1, b1, a2, b2, . . . , ag , bg , e1, . . . , er
∣∣∣∣∣ g∏
i=1
[ai, bi]
r∏
j=1
ej = 1, em11 = · · · emrr = 1
〉
, (2.1)
with a convention that emii vanishes ifmi = ∞ for some i (see [10]).
A map on an orbifold O is a map on the underlying surface Sg of genus g satisfying the following three properties:
(P1) if x ∈ B then x is either an internal point of a face, or a vertex, or an end point of a semiedge (free end) which is not a
vertex,
(P2) each face contains at most one branch point,
(P3) each free end of a semiedge is a branch point and the branch index of this point is two.
Maps on orbifolds arise naturallywhenwe take quotients of sensedmaps by a groupG of automorphisms. Such coverings
are called regular. Then the numbersm1, . . . ,mr are orders of stabilizers of faces, vertices and edges in the action of G. Note
that these stabilizers are by definition cyclic. Further information on sensed maps on orbifolds can be found in [16,17].
2.2. Unsensed maps on closed and bordered surfaces
By a (unsensed) map we mean a quadruple (F; l, r, t)where 〈r, t, l〉 is a transitive subgroup of the symmetric group SF
and r2 = t2 = l2 = (tl)2 = 1. The elements of F are called flags, the respective orbits of (r, t), (t, l) and (r, l) are vertices,
edges and faces. Since (tl)2 = 1 the edges of our maps can be of size four, two or one. Let x be a flag incident to an edge e.
We say that e is a
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Fig. 1. Types of edges in a map.
– complete edge if the orbit {x, l(x), t(x), tl(x)} of 〈t, l〉 has size 4,
– boundary edge if l(x) = tl(x) 6= x = t(x),
– internal semiedge if l(x) = t(x) 6= x = tl(x),
– halfedge if l(x) = x 6= t(x) = tl(x), and
– boundary semiedge if l(x) = x = t(x) = tl(x) (Fig. 1).
A diagonal is an orbit of r . A diagonal is called internal or boundary, if it is of size two or one, respectively.
A rooted map (F , x0; l, r, t), is a map with one distinguished flag x0 ∈ F called a root. A Labeled map is a map with all
flags distinguished (or labeled). As above, relaxing the condition on the transitivity of 〈l, r, t〉we get the concept of premap,
rooted premap and labeled premap. Clearly each premap (F; l, r, t) is the disjoint union of the maps corresponding to the
orbits of 〈l, r, t〉 on D.
Two maps are isomorphic, (F1; l1, r1, t1) ∼= (F2; l2, r2, t2), if there is a bijection F1 → F2 such that ψ l1 = l2ψ , ψr1 = r2ψ
and ψt1 = t2ψ . In particular if F1 = F2 = F then (F; lψ , rψ , tψ ), where ψ ∈ SF ranges through all permutations in SF ,
determines, as before, an isomorphism class of maps based on F . An isomorphism between rooted maps takes root into
root.
As explained in [4] maps describe topological maps on closed surfaces (orientable or not) possibly with non-empty
border. A map (F; l, r, t) is on a closed surface (or briefly a closed map) if the involutions r, t, l and tl are fixed point free.
It follows that closed maps have all edges complete. A map (F; l, r, t) is on a compact surface, possibly with non-empty
border, (or, just a compact map) if it has no semiedges (either boundary or internal). This is the case when tl is fixed point
free. Closed maps are compact maps. Note that the underlying surface of a map may or may not be orientable, depending
on whether the set of flags can be split into two disjoint blocks such that each one of the three involutions r, t, l transposes
the two blocks. The Euler characteristic of S can be computed in the usual way. Note that the faces of such maps are of two
types: internal faces, homeomorphic to R2, and halved faces, homeomorphic to R2+.
Maps can be described in terms of subgroups of a certain universal group [10]. Let
∆ = ∆(∞,∞, 2) = 〈λ, ρ, τ |λ2 = ρ2 = τ 2 = (λτ)2 = 1〉.
The group ∆ can be realized as a discrete group of isometries of the hyperbolic plane H2. It is generated by reflections in
the sides of a hyperbolic triangle with internal angles 0, 0 and pi2 (see Fig. 2). Given a map (F; l, r, t), the assignment λ 7→ l,
ρ 7→ r and τ 7→ t extends to an epimorphism Φ : ∆→ 〈l, r, t〉. It follows that∆ acts on F by z · x = Φ(z)x, where z ∈ ∆
and x ∈ F . The stabilizer K ≤ ∆ of a flag x ∈ F , has index [∆ : K ] = |F |. Conversely, each subgroup K ≤ ∆ of finite index
determines a rooted mapM = (F , x0; l, r, t) by setting F to be the set of left cosets xK , x ∈ ∆, with action r(xK) = ρxK ,
l(xK) = λxK , t(xK) = τxK and x0 = K . Moreover,M is a closed map (orientable or not) if and only if K is torsion free. As
usually, the subgroup inclusion H < K correspond to a map coveringH → K . In particular, taking K = ∆we getH → E ,
where E is the trivial (one flag) map. The supporting orbifold of E is the hyperbolic triangle shown in Fig. 2. We summarize
the above considerations in a proposition.
Proposition 2.3. The following statements hold true.
(1) Rooted maps with n flags are in 1–1 correspondence with subgroups of ∆ of index n.
(2) Isomorphism classes of (unsensed) maps on n flags are in 1–1 correspondence with conjugacy classes of subgroups of ∆ of
index n.
(3) An (unsensed) map is closed if and only if the respective subgroup of ∆ is torsion free.
Similarly as before we have,
Proposition 2.4. The objects referred in each item are in 1–1 correspondence:
(1) Rooted maps on closed surfaces (rooted ‘‘closed maps’’) with e edges, and free subgroups of ∆ of rank e+ 1;
(2) Isomorphism classes of closed maps with e edges, and conjugacy classes of free subgroups of rank e+ 1 in∆.
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Fig. 2. The elementary map E with associated group∆.
Clearly, the mapping α 7→ ρτ , β 7→ τλ extends to a monomorphism ∆+ → ∆. Hence ∆+ can be identified with the
subgroup 〈ρτ, τλ〉 of index two in ∆. We say that a (unsensed) map M is orientable if the respective subgroup K ≤ ∆
is a subgroup of ∆+. OtherwiseM is non-orientable. The underlying surface of a non-orientable map may have boundary
and may be either orientable or not. If a non-orientable map has no boundary (i.e. no boundary edges, no halfedges and no
boundary semiedges) then the underlying surface is also non-orientable.
By a Klein surfacewemean an orbifold S = H2/K determined by a non-Euclidean crystallographic (NEC) group K , that is,
a discrete group of isometries of the hyperbolic planeH2 inducing a compact quotient space. Such orbifold S as a topological
space is indeed a surface and it may have boundary. If K has signature
(g,±; [m1, . . . ,mr ]; {(n11, . . . , n1s1), . . . , (nk1, . . . , nksk)}) (2.2)
(notation from [3]) then S has genus g , has k boundary components and is orientable if ± = + and non-orientable if
± = −. The integersm1, . . . ,mr are the ‘‘proper periods’’ of K and represent the branching over r interior points of S under
the natural projectionH2 → H2/K . The ‘‘period cycle’’ (ni1, . . . , nisi), i = 1, . . . , k, represent the branching over the ith hole
(the integers nij are the ‘‘link periods’’). Let b = s1 + · · · + sk. Then K is generated by
r elliptic elements (+) : x1, . . . , xr
b+ k reflections (−) : ci,0, . . . , ci,si , i = 1, . . . , k
k orientation-preserving elements (+) : e1, . . . , ek
2g hyperbolic elements (+) : a1, b1, . . . , ag , bg if± = +
g glide reflections (−) : a1, . . . , ag if± = −
subject to the following relations
xm11 = · · · = xmrr = 1
c2i,j−1 = c2i,j = (ci,j−1ci,j)nij = 1, i = 1, . . . , k, j = 1, . . . , si
eici,0e−1i = ci,si , i = 1, . . . , k
r∏
i=1
xi
k∏
j=1
ej
g∏
`=1
[a`, b`] = 1, if± = +
r∏
i=1
xi
k∏
j=1
ej
g∏
`=1
a2` = 1, if± = −.
The hyperbolic area of a fundamental region for K is given by
Φ(K) = 2pi
(
−χ +
r∑
i=1
(
1− 1
mi
)
+ 1
2
k∑
i
si∑
j=1
(
1− 1
nij
))
where χ = 2− 2g − k or 2− g − k, according as± = + or−, is the (topological) characteristic of S.
If S = H2/K is a m-fold cover of another Klein surface S′ = H2/K ′ (that is, if K < K ′ and [K ′ : K ] = m) then their
hyperbolic areas are related by the Riemann–Hurwitz equation:
Φ(K) = mΦ(K ′).
Similarly as in the case of sensed maps, a subgroup M < ∆ associated with a map M gives rise to a Klein surface
H2/M . Such subgroup can then be interpreted geometrically as the fundamental group of an orbifold arising from the
supporting surface by deleting points representing vertices and centers of faces. The topology on this ‘‘multi-punctured’’
surface (possiblywith non-empty border)whichmakes this surface compact is the (V+F )-compactification topology,where
V and F are the number of vertices and faces respectively. Moreover, to eachmapM having b internal semiedges, V0 internal
vertices and F0 internal faces, there is an associated orbifold H2/M . If M has no boundary semiedges, then the orbifold
O = H2/M has signature (g,+; [2b,∞F0+V0 ]; {(∞si) : 0 ≤ i ≤ k}), or (p,−; [2b,∞F0+V0 ]; {(∞si) : 0 ≤ i ≤ k}); here k is
the number of boundary components, and g and p are the respective orientable and non-orientable genus of the supporting
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Fig. 3. A map on the projective plane with one branch point of order two.
Fig. 4. A compact map on the disc.
surface. Otherwise, the link periods in the period cycles corresponding to boundary semiedges is 2. This relationship between
the associated groupM < ∆ and the orbifold H2/M , will play a central role in this paper.
We illustrate our definitions with the following examples:
Example 1. The elementary map E has only one flag (Fig. 2.) One can write E = (F; l, r, t), where F = {1}, l = r = t = (1).
The associated group ∆ is generated by reflections λ, ρ and τ insides of a hyperbolic triangle with angles 0, 0 and pi2 . The
signature of the group ∆ is (0,+;∅, {(2,∞,∞)}) and Φ(∆) = pi2 . The elementary map E is not a compact map. It has a
boundary semiedge.
Example 2. Let F = {1, 2, 3, 4, 5, 6}, l = (16)(24)(35), r = (12)(34)(56) and t = (16)(23)(45). Then (F; l, r, t)
determines a non-compact map on the projective plane with one branch point of order two (Fig. 3). The associated NEC
group K has signature (1,−; [21,∞1+1]; {∅}).
Example 3. Consider F = {1, 2, . . . , 16} and set
l = (1)(2)(3 4)(5 8)(6 7)(9 10)(11 12)(13 14)(15 16),
r = (1)(2 3)(4 5)(6)(7)(8)(9 16)(10 11)(12 13)(14 15)
and
t = (1 2)(3 10)(4 9)(5 6)(7 8)(11)(12)(13)(14)(15)(16).
Then (F; l, r, t) is a compactmap on the disc (characteristicχ = 1)with 0 internal vertices, 1 internal face, 2 complete edges,
0 internal semiedges, 3 boundary edges, 1 halfedge and 1 boundary component (one chain of 8 linked boundary reflections).
Then the associated group K has signature (0,+; [∞0+1]; {∞8}). See Fig. 4.
3. Enumeration of rooted maps
In this section we enumerate rooted maps on closed and compact surfaces regardless of genus. The results will be used
in subsequent sections.
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Proposition 3.1. The number of rooted sensed maps on closed orientable surfaces R+(e) with e edges is given by the following
equation∑
e≥1
R+(e)
e
2e−1ue = log
(∑
e≥0
(2e)!
e! u
e
)
.
Proof. Denote by T2k the family of sensed labeled maps (D; R, L) without semiedges based on a fixed set of darts D =
D2k, |D2k| = 2k. Similarly, denote by B2k the family of sensed labeled premaps (D; R, L) without semiedges based on D.
Set T2k = |T2k| and B2k = |B2k|. Choose a dart x0 ∈ D and denote by B(i)2e , i = 0, 1, . . . , e − 1, the set of sensed labeled
premaps such that the orbit of 〈R, L〉 containing x0 is of size 2(e − i). Clearly, B2e is a disjoint union B2e = ⋃e−1i=0 B(i)2e . The
orbit [x0] (of size 2(e− i)) in a premap inB(i)2e can be chosen by
(
2e−1
2(e−i)−1
)
ways. For a given setW ⊆ D containing x0 such
that |W | = 2(e− i), there are T2(e−i)B2i ways to build a labeled premap with [x0] = W . Thus we have
B2e =
e−1∑
i=0
|B(i)2e | =
e−1∑
i=0
(
2e− 1
2(e− i)− 1
)
T2(e−i)B2i. (3.3)
Remark. This coincides with the first statement of Lemma 1.2 for the particular case when Tk = Bk = 0 for k odd.
Multiplying the Eq. (3.3) by z
2e−1
(2e−1)! we get
B2e
(2e− 1)! z
2e−1 =
e−1∑
i=0
T2(e−i)
(2(e− i)− 1)! z
2(e−i)−1 · B2i
(2i)! z
2i. (3.4)
Denote by
B(z) =
∞∑
k=0
B2k
(2k)! z
2k and T (z) =
∞∑
k=1
T2k
(2k)! z
2k,
where the coefficient B0 is defined to be B0 = 1.
Then the Eq. (3.4) can be expressed in a form of a differential equation B′(z) = T ′(z)B(z) with B(0) = 1 and T (0) = 0.
It follows that T (z) = log B(z). Now we calculate B2e directly. Let D = D2e. Since R is any permutation of D, there are (2e)!
choices for R. The number of permutationswith prescribed cycle structure (see Lemma 1.1) determining the number of fixed
point free involutions acting on 2e elements is given by (2e)!2ee! ; this counts the number of choices for L. Hence B2e = (2e)! (2e)!2ee! .
Substituting in T (z) = log B(z) gives
∞∑
k=1
T2k
(2k)! z
2k = log
∞∑
k=0
(2k)!
2kk! z
2k.
Changing variable u = z22 we get
∞∑
k=1
T2k
(2k)!2
kuk = log
∞∑
k=0
(2k)!
k! u
k. (3.5)
The final step is established by observing that the coefficient T2k counts the number of labeled maps with k edges, thus
we have T2k = (2k− 1)!R+(k). Using the substitution T2k = (2k− 1)!R+(k) the equality (3.5) transforms into the required
form. 
Proposition 3.2. The number R(e) of rooted (orientable or not) maps on closed surfaces with e edges is given by the following
equation∑
e≥1
R(e)
e
42e−1ue = log
(∑
e≥0
(4e)!
(2e)!e!u
e
)
.
Proof. The proof is done in a similar manner as above. Note that if (F; l, r, t) is an ordinary closedmapwith e edges thenwe
have |F | = 4e. In what follows ‘‘map’’ means ‘‘closed map’’ and similarly for ‘‘premap’’. We first derive a relation between
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the number T4e of labeled ordinary maps based on a set F having 4e flags, and the number B4e of ordinary premaps on F .
Similarly as above (compare with Eq. (3.3)), the coefficients are related by
B4e =
e−1∑
i=0
(
4e− 1
4(e− i)− 1
)
T4(e−i)B4i. (3.6)
Multiplying both sides by z
4e−1
(4e−1)! we derive
B4e
(4e− 1)! z
4e−1 =
e−1∑
i=0
T4(e−i)
(4(e− i)− 1)! z
4(e−i)−1 B4i
(4i)! z
4i . (3.7)
Now we calculate B4e, directly. Up to this point, there was no essential difference with the proof of Proposition 3.1. Now
we employ the condition that l, r, t and tl are fixed point free on F . There are (4e)!
22e(2e)! fixed point free involutions on F with
|F | = 4e. The choices of r and t can be done independently, hence we have ((4e)!)2
24e((2e)!)2 couples of r, t . Assume r and t is given.
Since (tl)2 = 1 and each edge is complete, the involution l freely permutes the orbits of t as blocks. Since the orbits of t are
all of length two, t has exactly 2e orbits. It follows that we have (2e)!2ee! choices for the action of l on the orbits of t . Once the
action of l is determined on blocks of t , the edges of our premap are determined. If {x, t(x), y, t(y)} is an edge then either
l(x) = y and l(t(x)) = t(y), or l(x) = t(y) and l(t(x)) = y. Since there are no further constraints the choice for each edge is
independent, so the number of choices for l (provided t and r are prescribed) is 2e (2e)!2e e! = (2e)!e! . It follows that
B4e = (4e!)
2
24e((2e)!)2
(2e)!
e! =
(4e!)2
24ee! . (3.8)
Denoting
B(z) =
∞∑
k=0
B4k
(4k)! z
4k and T (z) =
∞∑
k=1
T4k
(4k)! z
4k,
where the coefficient B0 is defined to be B0 = 1, the Eq. (3.7) transforms into a differential equation B′(z) = T ′(z)B(z), with
B(0) = 1 and T (0) = 0. It follows that T (z) = log B(z)which gives
∞∑
k=1
T4k
(4k)! z
4k = log
∞∑
k=0
(4k!)
24kk! z
4k.
Finally, we use the substitutions z4 = 24u and T4k = (4k− 1)!R(k) to derive the required equality. 
Remark. Observe that the number R+(e) of rooted semiedge-free sensed maps with e edges coincides with the number of
rooted orientable closed maps with e edges. Then the number R−(e) of rooted non-orientable closed maps with e edges is
equal to R−(e) = R(e)− R+(e), where the numbers R+(e) and R(e) are given in Propositions 3.1 and 3.2, respectively.
The number R+(e)was determined earlier by Jackson and Visentin [8] and by Arquès and Béraud [1].
Rooted orientable maps have no boundary, yet they may have semiedges. The following proposition counts the number
of them withm darts and q complete edges.
Proposition 3.3. The number of rooted orientable maps R+(m, q) with m darts and q complete edges (and hence with m− 2 q
semiedges) is given by the following equation∑
m≥1
∑
q≥1
R+(m, q)
m
xm yq = log
(∑
m≥0
∑
q≥0
m!
(m− 2q)! 2q q! x
m yq
)
.
Remark. Note that R+(2e, e) = R+(e) is the number of rooted orientable closedmapswith e edges.We put also R+(m, m2 ) =
0 for oddm.
Proposition 3.4. The number R(m, q) of rooted boundary free maps with m darts and q complete edges (hence with m − 2 q
semiedges) is given by the following equation∑
m≥1
∑
q≥1
R(m, q)
2m
x2m yq = log
(∑
m≥0
∑
q≥0
(2m)!
22mm! (m− 2q)! q!x
2m yq
)
.
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Moreover, R(m, q) can be determined by the following recursive relation
R(m, q) = 2mQ (m, q)−
m−1∑
k=1
q∑
s=0
R(m− k, q− s)Q (k, s),
R(1, 0) = 1, R(1, q) = 0, q > 1, where
Q (m, q) = (2m)!
22mm! (m− 2q)! q! .
Proof. Let ∆(∞,∞, 2) = 〈λ, ρ, τ | λ2 = ρ2 = τ 2 = (λ τ)2 = 1 〉. Labeled boundary free maps with m darts and q
complete edges are in correspondence with transitive homomorphisms h : ∆(∞,∞, 2)→ S2m such that the involutions
l = h(λ), r = h(ρ), t = h(τ ) are fixed point free and σ(l t) = (12(m−2q) 22q). The base set is the set F of flags and
we have |F | = 2m. Denote by Bm, q and Tm,q the respective numbers of homomorphisms and transitive homomorphisms
∆(∞,∞, 2)→ S2m satisfying the above properties. Repeating the arguments in the proof of Proposition 3.1 we get
Bm, q =
∑
m1+m2=m
q1+q2=q
(
2m− 1
2m2
)
Tm1,q1Bm2,q2 , (3.9)
where Bm,q = Tm,q = 0 ifm < 2q, B0,0 = 1 and T0,0 = 0. Multiplying (3.9) by z2m−1 wq(2m−1)! leads to
Bm,q
(2m− 1)! z
2m−1wq =
∑
m1+m2=m
q1+q2=q
Tm1,q1
(2m1 − 1)! z
2m1−1wq1
Bm2,q2
(2m2)! z
2m2 wq2 . (3.10)
Summing left- and right-hand side of this equation for allm and qwe get
∑
m,q
Bm,q
(2m− 1)! z
2m−1wq =
(∑
m,q
Tm,q
(2m− 1)! z
2m−1wq
)(∑
m,q
Bm,q
(2m)! z
2mwq
)
. (3.11)
Denote by
T (z, w) =
∑
m,q
Tm,q
(2m)! z
2mwq and by B(z, w) =
∑
m,q
Bm,q
(2m)! z
2mwq .
Then (3.11) can be rewritten as a differential equation
∂B(z, w)
∂z
= ∂T (z, w)
∂z
B(z, w)
with constraints T (0, w) = 0 and B(0, w) = 1, and solution
T (z, w) = log B(z, w). (3.12)
We now compute the coefficients Bm,q directly. First we count the number of choices for the two fixed point free
involutions r and t . Since there are no other restrictions, by Lemma 1.1 there are ν(t)ν(r) = ((2m)!)2
22m(m!)2 choices for r and
t . Fix one pair (r, t) from that choices. Now we are going to count the number of choices for l. Each l (by determining a
map) splits the m orbits of t into 2 sets: the first, consisting of 2q orbits, forms the q complete edges, while the second set,
consisting ofm− 2q orbits, forms the semiedges. Let Q be set of orbits of t forming complete edges. There are
(
m
2q
)
choices
for Q . The action of l on the flags incident to semiedges coincides with the action of t . Hence l is determined by its action on
the flags incident to complete edges, that is, on the union of the 2q orbits in Q .
Since (lt)2 = 1, each l determines a perfect matching of elements (orbits) in Q . By Lemma 1.1 there are (2q)!2q q! such perfect
matchings. Each perfect match just counted determines a complete edge and for each of the q complete edges there are
exactly two ways to define l, so we have
(
m
2q
)
(2q)!
2q q! 2
q possibilities for l.
Summarizing,
Bm,q = ((2m)!)
2
22m(m!)2
(
m
2q
)
(2q)!
2q q! 2
q = ((2m)!)
2
22mm!(m− 2q)!q! . (3.13)
Inserting (3.13) into (3.12) and taking into the account that Tm,q = R(m, q)(2m− 1)!we obtain the required result. 
Remarks. 1. The number R−(m, q) of rooted non-orientable boundary free maps with n darts and q complete edges (thus
withm− 2 q semiedges) is given by the formula R−(m, q) = R(m, q)− R+(m, q).
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2. The proof of Proposition 3.3 is a replica of the above proof with the following adjustments h : ∆+(∞,∞, 2) → Sm,
σ(L) = (1m−2q 2q) and Tm,q = (m− 1)!R+(m, q).
Denoted by R(m, q, s) the number of rooted compact maps with 2m flags, q complete edges (q ≤ [m2 ]) and s internal
diagonals (s ≤ m). In this case the bordered surface has b = 3m − 2q − 2s ≥ 0 boundary reflections (halfedges, boundary
edges and boundary semiedges), which correspond to half the number of fixed points of t plus half the number of fixed
points of l and plus the number of fixed points of r .
Proposition 3.5. The number R(m, q, s) of rooted maps on compact surfaces with 2m flags, q complete edges, s internal
diagonals (thus with 3m− 2q− 2s boundary reflections) is given by the following equation∑
m≥1
q, s≥0
R(m, q, s)
2m
w2m xq ys = log
( ∑
m, q, s≥0
(2m)!
22q+s (m− 2q)! (2m− 2s)! q! s! w
2m xq ys
)
.
Moreover, R(m, q, s) can be determined by the following recursive relation
R(m, q, s) = 2mQ (m, q, s)−
m−1∑
k=1
q∑
i=0
s∑
j=0
R(m− k, q− i, s− j)Q (k, i, j),
R(1, 0, 0) = R(1, 0, 1) = 2, R(1, i, j) = 0, (i, j) 6= (0, 0), (0, 1), where
Q (m, q, s) = (2m)!
22q+s (m− 2q)! (2m− 2s)! q! s! .
Proof. As above we use Lemma 1.2. Labeled compact maps are in 1-1 correspondence with transitive homomorphisms
h : ∆(∞,∞, 2)→ S2m. The characteristic propertyP of our homomorphisms h : λ→ l, ρ → r, τ → t reads as follows:
(1) σ (lt) = (2m) ,
(2) σ (t) = (12p2 22q+p1), σ (l) = (12p1 22q+p2), for some p1 ≥ 0, p2 ≥ 0, p1 + p2 = m− 2q ,
(3) σ (r) = (12m−2s2s).
The base set is the set F of flags and we have |F | = 2m. Denote by Bm, q, s and Tm, q, s the respective numbers homomor-
phisms and transitive homomorphisms∆(∞,∞, 2)→ S2m satisfying the above properties.
As in the proof of Proposition 3.4 (by Lemma 1.2),
Bm, q, s =
∑
m1+m2=m
q1+q2=q
s1+s2=s
(
2m − 1
2m2
)
Tm1,q1,s1 Bm2,q2,s2 (3.14)
where B0, q, s = 1 and T0, q, s = 0.Multiplying (3.14) by w2m−1xq ys(2m−1)! we get
Bm, q, s
(2m− 1)! w
2m−1 xq ys =
∑
m1+m2=m
q1+q2=q
s1+s2=s
Tm1,q1,s1
(2m1 − 1)! w
2m1−1 xq1 ys1
Bm2,q2,s2
(2m2)! w
2m2 xq2 ys2 . (3.15)
Summing left- and right-hand side of this equation,
∑
m,q,s
Bm, q, s
(2m− 1)! w
2m−1 xq ys =
(∑
m,q,s
Tm,q,s
(2m− 1)! w
2m−1 xq ys
)(∑
m,q,s
Bm,q,s
(2m)! w
2m xq ys
)
. (3.16)
Consider the following generating functions
T (w, x, y) =
∑
m≥1
q,s≥0
Tm,q,s
(2m)! w
2m xq ys and B(w, x, y) =
∑
m,q,s≥0
Bm,q,s
(2m)! w
2m xq ys.
Then (3.16) rewrites as a differential equation
∂B(w, x, y)
∂w
= ∂T (w, x, y)
∂w
B(w, x, y)
with constraints T (0, x, y) = 0 and B(0, x, y) = 1, and solution
T (w, x, y) = log B(w, x, y). (3.17)
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Fig. 5. The seven maps with 2 darts.
We now compute the coefficients Bm,q,s. The incomplete edges make the boundary reflections. Denote by P1 (resp. P2) the
set of incomplete edges of the form {x, t(x)} (resp. {x, l(x)}). Recall that pi = |Pi| (i = 1, 2), and since P1 ∩ P2 = ∅, we have
m − 2q = p1 + p2. We first compute the number Bm,q,s,p1 of premaps for a given p1. By Lemma 1.1 the number of choices
for t and r are given by:
ν(t) = (2m)!
(2p2)! 22q+p1(2q+ p1)! and ν(r) =
(2m)!
(2m− 2s)!2s s!
Fix a pair r and t . The permutation t has 2q+ p1 orbits. To count the numbers of choices for l let, as before, Q be the set
of orbits of t forming complete edges. The number of choices for Q is
(
2q+p1
2q
)
. Each choice of l induces a perfect matching
of elements of Q . The number of such matchings coincides with the number of fixed point free involutions acting on Q .
By Lemma 1.1 this number is (2q)!2q q! . Now, for each complete edge there are two possibilities for the action of l, hence there
are
(
2q+p1
2q
)
(2q)!
2q q! 2
q ways to determine the action of l on the flags incident to complete edges. It remains to determine the
action of l on the 2p2 fixed points of t . Since l acts freely on the set of flags fixed by t , by Lemma 1.2 there are
(2p2)!
2p2 p2! such
possibilities. Summarizing we have
Bm,q,s,p1 =
(2m)!
(2m− 2s)!2s s!
(2m)!
(2p2)! 22q+p1(2q+ p1)!
(2q+ p1)!
(2q)!p1!
(2q)!
2q q! 2
q (2p2)!
2p2 p2!
= ((2m)!)
2
2m+s(2m− 2s)!q! s! p1! p2! ,
and thus
Bm,q,s =
∑
pl+p2=m−2q
Bm,q,s,p1 =
∑
pl+p2=m−2q
((2m)!)2
2m+s(2m− 2s)!q! s! p1! p2!
= ((2m)!)
2
2m+s(2m− 2s)!q! s!(m− 2q)!
∑
p1+p2=m−2q
(m− 2q)!
p1! p2! =
((2m)!)2
22q+s(2m− 2s)!q! s!(m− 2q)! .
Inserting the above expression into (3.17) and taking into the account that Tm,q,s = R(m, q, s)(2m − 1)! it leads to the
required result.
To check the initial conditions R(1, 0, 0) = R(1, 0, 1) = 2, the case m = 1 leads to (necessarily regular) maps on two
darts, we note that there are seven such (regular) maps [2]. Three of them (the last three in Fig. 5) have branch points and
so are not compact maps, although two of them are on the disc and the third on the sphere. The first two of the 4 compact
maps have no internal diagonals while the remaining two have one internal diagonal. 
Remark. In the case of empty border we have m = 2e, q = e, s = 2e and R(2e, e, 2e) = R(2e, e), so this number can be
determined by both Propositions 3.4 and 3.5.
4. Enumeration of unrooted maps
4.1. Unrooted sensed maps on closed orientable surfaces
We introduce the following functions, the Jordan functionϕp(`) =∑d| ` µ( `d ) dp and the even Jordan functionϕevenp (`) =∑
d| `
d even
µ( `d ) d
p.
Theorem 4.1. The number of (unrooted) sensed maps on closed orientable surfaces U(n) with n edges is given by the following
formula
U(n) = 1
2 n
∑
` |2 n
`m= 2 n
 ∑
0≤q<m2
R+(m, q) ϕevenq+1 (`)+ R+
(
m,
m
2
)
ϕm
2 +1(`)
 ,
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where R+(m, q) is the number of rooted orientable maps with m darts and q complete edges (or, equivalently, with m − 2q
semiedges). Moreover, R+(m, q) can be determined by the following recursive formula
R+(1, 0) = 1, R+(1, q) = 0 for q 6= 0,
R+(m, q) = mb(m, q)−
q∑
s=0
m−1∑
k=1
R+(m− k, q− s) b(k, s),
where b(m, q) = m!
(m−2q)! 2q q! .
Proof. We employ Theorem 1.3. Since we are going to enumerate sensed maps, the universal group is Γ = ∆+. Since we
want to compute sensedmapswithout semiedges (unbranchedmaps), the propertyP reads as follows: the kernelsH < ∆+
are torsion free. Each K < ∆+ of finite indexm gives rise to exactly one rootedmap (possibly with semiedges) withm darts.
Let q be the number of complete edges and V , F be the number of vertices and faces, respectively. The genus of the supporting
surface is related to the parameters V , F and q by the Riemann–Hurwitz equation
2g − 2+ V + F = q.
Givenm, q and g , the groupK is the fundamental group of an orbifold supporting themapwith signature [g; 2m−2q,∞V+F ] =
[g; 2m−2q,∞q−2g+2]. Note that the termm− 2q counts the number of semiedges. Hence K has presentation
pi1[g; 2m−2q,∞q−2g+2] =
〈
a1, b1, . . . , ag , bg , c1, . . . , cq−2g+2, x1, . . . , xm−2q
∣∣∣∣
g∏
i=1
[ai, bi]
q−2g+2∏
j=1
cj
m−2q∏
k=1
xk = 1, x2k = 1, k = 1, . . . ,m− 2q
〉
.
Claim 1. The abelianization H1(K) ∼= Zq+1 ⊕ Zm−2q2 .
Considering the abelianization, the term
∏g
i=1[ai, bi] in the nontrivial relator vanishes. Since everymap on an orientable surface
has at least one vertex and at least one face, V + F = q − 2g + 2 > 0 (in fact it must be ≥ 2). Using the relator containing c1,
one can express c1 in terms of the other generators, and reduce the presentation by deleting c1 together with the related relator.
Hence H1(K) ∼= Z2g−2+V+F+1 ⊕ Zm−2q2 = Zq+1 ⊕ Zm−2q2 . 
It follows that the abelianization of K does not depend on g , and so we may decompose the set of all subgroups K < ∆+
of finite index into classesK(m, q)with the same abelianization determined by the parametersm and q. Then the number
of rooted semiedge-free sensed maps R+(m, q) determines the cardinality |K(m, q)| = R+(m, q).
Denote by Epio(K ,Z`) the number of (finite) order-preserving epimorphisms K → Z`.
Claim 2. Epio(K ,Z`) = Epio(H1(K),Z`).
It is well known that every element of finite order in a Fuchsian group (2.1) is conjugate to a power of a generator. Thus when
counting order-preserving epimorphism onto a cyclic group we may replace K with its abelianization. 
Denote by N∆+(m) the number of conjugacy classes of torsion free subgroups of index m in ∆+. By Proposition 2.1 we
have U(n) = N∆+(2 n). By Theorem 1.3, Claims 1 and 2 we get the number of sensed maps with 2 n darts
N∆+(2 n) = 12 n
∑
`|2 n
`m=2 n
∑
K<∆+
[∆+:K ]=m
Epio(K ,Z`)
= 1
2 n
∑
`|2 n
`m=2 n
∑
`m=2 n
0≤q<m2
Epio(Z
q+1 ⊕ Zm−2q2 , Z`) R+(m, q). (4.18)
The numbers R+(m, q) are determined in Proposition 3.3. We now determine Epio(Zq+1 ⊕ Zm−2q2 , Z`).
Case m − 2q > 0. Let us first compute the number of order-preserving homomorphisms Homo(Zq+1 ⊕ Zm−2q2 ,Zd). We
have
Homo(Zq+1 ⊕ Zm−2q2 ,Zd) = δd, even dq+1,
where δd, even = 0 if d is odd and 1 otherwise. By Lemma 1.4 we have
Epio(Z
q+1 ⊕ Zm−2q2 ,Z`) =
∑
d|`
µ
(
`
d
)
Homo(Zq+1 ⊕ Zm−2q2 ,Zd)
=
∑
d|`
µ
(
`
d
)
δd, even dq+1 = ϕevenq+1 (`). (4.19)
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Casem = 2q. In this case we want to compute
Epio(Z
q+1,Z`),
and consequently there is no restriction on the order `. In the same way as above we get
Epio(Z
q+1,Z`) = ϕq+1(`). (4.20)
Inserting (4.19) and (4.20) into (4.18) we obtain the required result. 
4.2. Unrooted orientable reflexible maps
We first introduce some notation. Note that ∆+ < ∆ induces a sign structure on ∆. To simplify notation we write
K+ < ∆ instead of K < ∆+ < ∆, and similarly, K− < ∆ instead of K < ∆ and K 6< ∆+. Denote by N∆+(n) the number
of conjugacy classes of torsion free subgroups of ∆+ of index n (note that nmust be even). Further, denote by N+∆ (2 n) the
number of conjugacy classes of torsion free subgroups K < ∆+ < ∆ of index 2 n in∆. Set
I(n) = 1
n
∑
`| n
`m=n
∑
K− <m ∆
Epi+o (K
−,Z 2 `),
where Epi+o (K−,Z 2 `) is the number of orientation- and order-preserving epimorphisms of K− onto Z 2 ` with torsion free
kernels.
Lemma 4.2. With the above notation N+∆ (2 n) = N∆+ (n)+I(n)2 .
Proof. We apply Theorem 1.3. The property P reads as follows: G is a torsion free subgroup of ∆ such that G < ∆+ < ∆,
[∆ : G] = 2 n
N+∆ (2 n) =
1
2 n
∑
`|2 n
`m=2 n
∑
K<∆
[∆:K ]=m
Epi+o (K ,Z`)
= 1
2 n
∑
`|2 n
`m=2 n
∑
K+<∆
[∆:K ]=m
Epi+o (K
+,Z`)+ 12 n
∑
`|2 n
`m=2 n
∑
K−<∆
[∆:K ]=m
Epi+o (K
−,Z`)
= 1
2 n
∑
`|n
`m¯=n
∑
K<∆+
[∆:K ]=m¯
Epi+o (K ,Z`)+
1
2 n
∑
¯`|n
¯`m=n
∑
K−<∆
[∆:K ]=m
Epi+o (K
−,Z2 ¯`),
where in the first double summandm = 2 m¯ is even and in the second one ` = 2 ¯` is even (showed next). The first term is
precisely 12 N∆+(n) and the second one is
1
2 I(n). To complete the proofwe need to see that indeed ` is even. Letψ : K− → Z`
be an epimorphism. Since Ker (ψ) ≤ K−∩∆+ < K− and [K− : K−∩∆+] = 2, it follows that Z` ∼= K−/Ker (ψ) is even. 
Remark. By Proposition 2.3(3) the number ofN+∆ (2n) coincideswith the number Z(n) of unrooted unsensedmaps on closed
orientable surfaces having n edges. We will use this observation later to calculate Z(n).
Consider the following coset decomposition∆ = ∆+ ∪ ρ∆+. Let K be a subgroup of∆+. Denote by [K ]∆+ and [K ]∆ the
conjugacy classes of K in∆+ and∆, respectively.
There are two kinds of subgroups K in∆+: the reflexible ones with the property [K ]∆+ = [Kρ]∆+ = [K ]∆ and the twins
ones with [K ]∆+ 6= [Kρ]∆+ and [K ]∆ = [K ]∆+ ∪ [Kρ]∆+ .
Denote by A∆(2n) and T∆(2n) the respective numbers of conjugacy classes of torsion free subgroups K of index 2n in∆.
We note that the numbers A∆(2n) and T∆(2n) coincide with the number A(n) of reflexible (or achiral) maps and the number
T (n) of twinmaps (or chiral pairs) with n edges on closed orientable surfaces, respectively.
By definition A∆(2 n) = N+∆ (2 n)− T∆(2 n) and T∆(2 n) = 12 (N∆+(n)− A∆(2 n)). Then by Lemma 4.2
A∆(2 n) = N+∆ (2 n)− T∆(2 n) =
1
2
N∆+(n)+ 12 I(n)−
1
2
(N∆+(n)− A∆(2 n)) = 12 I(n)+
1
2
A∆(2 n).
We have proved:
Proposition 4.3. With the above notation we have
(i) A∆(2 n) = I(n),
(ii) T∆(2 n) = N∆+ (n)−I(n)2 .
1198 A. Breda d’Azevedo et al. / Discrete Mathematics 310 (2010) 1184–1203
The function N∆+(n) (= U( n2 )) gives the number of semiedge-free sensed maps with n2 edges and this was already
determined in Theorem 4.1. We shall now concentrate on I(n). To do this we need to recognize the structure of the orbifolds
O = H2/K givenby (possibly non-torsion free) subgroupsK− < ∆ such that there exists an order andorientation-preserving
epimorphism ψ : K → Z2 ` with torsion free kernel in ∆. In this case, H = Ker(ψ) < K ∩ ∆+ C2 ∆+ is a torsion free
subgroup of ∆ and S = H2/H → O = H2/K is a cyclic Z2 `-covering of the non-orientable orbifold O by the orientable
surface S. Sinceψ(K ∩∆+) has index 2 in Z2 `, the covering group Z2 ` is provided by the natural sign structure: orientation-
preserving elements are positive and orientation-reversing ones are negative. The signatures of the admissible orbifolds O
split into the following 3 types:
(I) (p,−; [2b,∞V+F ]; {∅}), with b ≥ 0, V ≥ 1 and F ≥ 1.
(II) (g,+; [∞V0+F0 ]; {(∞si) : 1 ≤ i ≤ k}), with V0 ≥ 0, F0 ≥ 0 and k ≥ 1.
(III) (p,−; [∞V0+F0 ]; {(∞si) : 1 ≤ i ≤ k}), with V0 ≥ 0, F0 ≥ 0 and k ≥ 1.
The notation for the signature of NEC groups used here is, as said earlier, standard and comes from the book [3]. The
interpretation of the parameters in the map given by K− follows: b is the number of (internal) semiedges, V and F are the
numbers of vertices and faces, respectively, and V0 and F0 are the numbers of internal vertices and faces, respectively. Since
the map associated with K− is a cyclic quotient of the map on an orientable surface given by H , there are no boundary
semiedges, and internal semiedges may appear only if the boundary is empty. Roughly speaking, the orbifold O contains
either branch points or boundary components. Translating to group theory, there is at most one involution in Z2` and ψ
cannot send at the same time a negative and a positive element onto this involution.
We introduce the following odd Jordan function
ϕoddk (`) =
∑
d| `, `d odd
µ
(
`
d
)
dk
and will analyze each case separately.
Lemma 4.4. Let K− < ∆ be a NEC group of type (I), with b ≥ 0, V ≥ 1 and F ≥ 1. Then the index [∆ : K−] = 2m is an even
number and
(i) Epi+o (K−,Z2`) = 0, if ` is odd and b > 0,
(ii) Epi+o (K−,Z2`) =
∑
d|`, `d odd µ(
`
d )d
k = ϕoddq+1(`), if ` is even, or
(iii) Epi+o (K−,Z2`) = ϕoddq+1(`), if b = 0,
where q = m−b2 is the number of complete edges of the map associated with K−.
Proof. By the Riemann–Hurwitz formula [3] we have
p− 2+ k+
b∑
i=1
(
1− 1
2
)
+
V+F∑
i=1
(
1− 1∞
)
= [∆ : K−] · 1
4
.
Hence, [∆ : K−] = 2m, wherem = 2(p− 2+ V + F)+ b is an integer.
Let the groupZ2 ` = 〈γ−〉be endowedwith anontrivial sign structure. First note that if ` is odd then theunique involution
(γ−)` of Z2 ` is negative. If b > 0 then Epi+o (K−,Z2 `) = 0, since the image of any positive involutions in K under an
orientation- and order-preserving epimorphism cannot be negative.
Now let ` be even. By Lemma 1.6 we have
Epi+o (K
−,Z2`) =
∑
d|`, `d odd
µ
(
`
d
)
|Hom+o (K−,Z2d)|.
We now compute the number of orientation- and order-preserving homomorphisms K− = pi1(O) → Z2d for d|`. By
definition
pi1(0) = 〈x1, . . . , xV+F , y1, . . . , yb, d1, . . . , dp〉
satisfying the relations
x1 · · · xV+Fy1 · · · ybd21 · · · d2p = 1, y2i = 1, i = 1, . . . , b.
Since V + F > 0 we can reduce the presentation by expressing x1 from the nontrivial relator. This way we get
pi1(0) = 〈x+2 , . . . , x+V+F , y+1 , . . . , y+b , d−1 , . . . , d−p | (y+i )2 = 1, i = 1, . . . , b, 〉
where the signs± indicate whether a generator is positive or negative.
By Lemma 1.5 we can replace pi1(O) by its abelianization
H1(0) = (Z+)V+F−1 ⊕ (Z+2 )b ⊕ (Z−)p.
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Hence
Hom+o (K
−,Z2d) = Hom+o (H1(O),Z2d)
= Hom+o (Z+,Z2d)V+F−1Hom+o (Z+2 ,Z2d)bHom+o (Z−,Z2d)p.
Recall that Z2d ∼= 〈γ `d 〉 is a group with the unique nontrivial sign structure. It follows that Hom+o (Z+,Z2 d) = d,
Hom+o (Z−,Z2d) = d and Hom+o (Z+2 ,Z2 d) = δd,even. Hence
Epi+o (K
−,Z2 `) =
∑
d|`, `d odd
µ
(
`
d
)
|Hom+o (K−,Z2d)| =
∑
d|`, `d odd
µ
(
`
d
)
dV+F+p−1δd,even.
By the Euler–Poincaré equation we have V + F + p− 1 = q+ 1, where q is the number of complete edges. Thus, taking into
account that ` is even
Epi+o (K
−,Z2 `) =
∑
d|`, `d odd
µ
(
`
d
)
dq+1δd,even =
∑
d|`, `d odd
µ
(
`
d
)
dq+1 = ϕoddq+1(`).
Applying the same arguments to the case b = 0 we obtain
Hom+o (K
−,Z2d) = Hom+o (Z+,Z2d)V+F−1 Hom+o (Z−,Z2d)p = dq+1
and
Epi+o (K
−,Z2 `) =
∑
d|`, `d odd
µ
(
`
d
)
dq+1 = ϕoddq+1(`). 
Lemma 4.5. Let K− < ∆ be a NEC group of type (II), or of type (III), with V0 ≥ 0, F0 ≥ 0 and k ≥ 1. Then the index
[∆ : K−] = 2m is an even number and
(i) Epi+o (K−,Z2 `) = 0, if ` is even, or
(ii) Epi+o (K−,Z2 `) = ϕodd−m+q+s+1(`), if ` is odd,
where s1 + s2 + · · · + sk = 3m− 2q− 2s, q is the number of complete edges, 2m is the number of flags and s is the number of
internal diagonals of the map associated with K−.
Remark. Formula (ii) extends to the case k = 0 as well, since in this case s = m and (ii) becomes (iii) of Lemma 4.4.
Proof. The parity of the index [∆ : K−] = 2m follows from the Riemann–Hurwitz formula. Denote by H the kernel of an
orientation- and order-preserving epimorphism K− → Z2`. Since the supporting surface of the orbifold O = H2/K has a
non-empty boundary the unique involution (γ−)` acts as a reflection on the orientable surface S = H2/H . Hence, ` is odd.
We only provide a proof for the orientable case. The proof is similar for the non-orientable case. Denote by b = s1+s2+· · ·+
sk. The orbifold fundamental group is generated by V0 + F0 + 2g + k generators of infinite order and b+ k generators ci,j of
order two, where 1 ≤ i ≤ k and 0 ≤ j ≤ si. The relations are x1x2 · · · xV0+F0e1e2 · · · ek[a1, b1] · · · [ag , bg ] = 1, e−1i ci,0ei = ci,si
for i = 1, 2, . . . , k, c2i,j = 1 for 1 ≤ i ≤ k, 0 ≤ j ≤ si. Since k ≥ 1 we may express e1 from the nontrivial relator and
reduce the presentation. Considering the abelianization, the set of relators e−1i ci,0ei = ci,si allow us to reduce further the
presentation of H1(O) by eliminating k involutions, namely the images of ci,0. Hence H1(O) = (Z+)V0+F0+2g+k−1 ⊕ (Z−2 )b.
Denote h = V0 + F0 + 2g + k − 1 and H1 = H1(O). The induced signature on H1 forces all the generators of infinite order
to be positive and all generators of order two to be negative.
As above we first count Hom+o ((Z+)h ⊕ (Z−2 )b,Z2d) = dh · δd,odd. Since, if ` is odd and d|`, then d is also odd, we have
Epi+o (K
−,Z2 `) =
∑
d|`, `d odd
µ
(
`
d
)
|Hom+o (K−,Z2d)| =
∑
d|`, `d , d odd
µ
(
`
d
)
dhδd, odd.
Hence
Epi+o (K
−,Z2 `) =
∑
d|`, `d , d odd
µ
(
`
d
)
dh = ϕoddh (`).
Nowwe compute the parameter h = V0 + F0 + 2g + k− 1. According to [4] the topological characteristic of a reflexible
compact mapK = (F; l, r, t)with q complete edges is
2− 2g − k = χ(K) = V0 − q+ F0 + 12 (Vb − Eb + Fb),
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where Vb, Eb and Fb are the number of vertices, edges and faces on the boundary respectively. Now
Vb = 12 (# fixed points of r + # fixed points of t)
Eb = 12 (# fixed points of t + # fixed points of l)
Fb = 12 (# fixed points of l+ # fixed points of r)
so Vb − Eb + Fb = # fixed points of r = 2m − 2s, where s is the number of internal diagonals. Hence we have V0 − q +
F0 +m− s = 2− 2g − k from which we derive h = q+ s−m+ 1. 
Theorem 4.6. The number of (unrooted) reflexible maps A(e) with e edges is given by the following formula
A(e) = 1
2 e
∑
` | e
`m= e
E(`, m),
where
E(`, m) =

[m2 ]∑
q=0
m∑
s=0
R(m, q, s) ϕodd−m+q+s+1(`)− R+
(
m,
m
2
)
ϕoddm
2 +1(`), if ` is odd,
[m2 ]∑
q=0
R−(m, q) ϕoddq+1(`), if ` is even,
where the functions R−(m, q), R+(m, q) and R(m, q, s) are determined by the Propositions 3.3–3.5, respectively.
Proof. By Proposition 4.3 we have
A(e) = A∆(4e) = I(2e) = 12 e
∑
` | 2e
` m¯= 2e
∑
K− <m¯ ∆
Epi+o (K
−,Z 2 `).
Since by Lemmas 4.4 and 4.5 the index [∆ : K−] = m¯ is even, we write m¯ = 2m and thus
A(e) = 1
2 e
∑
` | e
`m= e
∑
K− <2m ∆
Epi+o (K
−,Z 2 `).
It remains to prove
∑
K− <2m ∆ Epi
+
o (K
−,Z 2 `) = E(`,m). We count the number of such epimorphisms.
First assume that ` is odd. Since Epi+o (K−,Z 2 `) = 0 if b > 0, we want to count only subgroups K− < ∆ which are NEC
groupswith signatures of type (I) with b = 0 and of type (III). Now R(m, q, s) is the number of rooted compactmaps (hence
b = 0) with 2m flags, q complete edges and s internal diagonals. Denote by R+(m, q, s) the number of those rooted compact
maps with 2m flags, q complete edges and s internal diagonals which have empty border (k = 0) and are orientable. Then
R+(m, q, s) =
{
R
(
m,
m
2
,m
)
= R+
(
m,
m
2
)
, ifm is even, q = m
2
, s = m,
0, if otherwise.
(4.21)
Then R(m, q, s) − R+(m, q, s) counts the number of non-orientable rooted compact maps with 2m flags, q complete
edges and s internal diagonals. Thus the sum
[m2 ]∑
q=0
m∑
s=0
(
R(m, q, s) − R+(m, q, s) )
counts the number of non-orientable rooted compact maps with 2m flags, that is, the number of subgroups K− < ∆which
areNEC groupswith signatures of type (I)with b = 0 and of type (III). Now for eachK− < ∆ counted above, ifK has signature
of type (I), that is if K is a NEC non-orientable groupwithout border, it gives rise toϕoddq+1(`) orientation- and order-preserving
epimorphisms (Lemma 4.4), while if it has signature (III), that is if K is a non-orientable NEC group with non-empty border
(k > 1), it gives rise to ϕodd−m+q+s+1(`) orientation- and order-preserving epimorphisms (Lemma 4.5). However, the last
expression is also valid for k = 0 giving the same value as (iii) of Lemma 4.4. Therefore since any K− < ∆ counted above
A. Breda d’Azevedo et al. / Discrete Mathematics 310 (2010) 1184–1203 1201
gives rise to ϕodd−m+q+s+1(`) orientation- and order-preserving epimorphisms we must have (taking into account (4.21)).
∑
K− <2m ∆
Epi+o (K
−,Z 2 `) =
[m2 ]∑
q=0
m∑
s=0
(
R(m, q, s) − R+(m, q, s) ) ϕodd−m+q+s+1(`)
=
[m2 ]∑
q=0
m∑
s=0
R(m, q, s) ϕodd−m+q+s+1(`)− R+
(
m,
m
2
)
ϕoddm
2 +1(`).
Now let ` be even. It follows from Lemma 4.5 that it is sufficient to take into account groups K− of type (I) for b ≥ 0.
There are R−(m, q) such groups, thus by Lemma 4.4(ii) and (iii) we obtain
∑
K− <2m ∆
Epi+o (K
−,Z 2 `) =
[m2 ]∑
q=0
R−(m, q) ϕoddq+1(`), if ` is even. 
Employing now Lemma 4.2 and Proposition 4.3 we get the following two corollaries:
Corollary 4.7. The number of (unrooted) unsensed maps Z(e) with e edges is given by
Z(e) = 1
2
(U(e)+ A(e)),
where the numbers U(e) and A(e) are determined by the Theorems 4.1 and 4.6.
Corollary 4.8. The number of twin maps (or chiral pairs) with e edges is given by
T (e) = 1
2
(U(e)− A(e)),
where the numbers U(e) and A(e) are determined by the Theorems 4.1 and 4.6.
5. Final remarks
During preparation of this paperwe have discovered that R. Robinson has investigated the sameproblem (enumeration of
maps regardless of genus), see the lecture notes [18]. The tables generated following his recursive formulas fits perfectlywith
the ones produced by Mathematica 5.1 based on our formulas, see the attached tables. However, the method of Robinson
is different from the approach undertaken in this article. Moreover, as indicated in [18] his method cannot be applied for
enumeration of maps with given genus (compare with [16], where sensed unrooted maps of given genus are enumerated).
6. Tables for sensed unrooted maps and twins
See Tables 1–3.
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Table 1
The number U(n) of sensed unrooted maps with n edges.
n Number U(n) of sensed maps with n edges
01 2
02 5
03 20
04 107
05 870
06 9436
07 122840
08 1863359
09 32019826
10 613981447
11 12989756316
12 300559406027
13 7550660328494
14 204687564072918
15 5955893472990664
16 185158932576089787
17 6125200100394894738
18 214837724735760642773
19 7963817561236130021156
20 311101285883236139915989
21 12773912991174611838661230
22 550003312328469962646366368
23 24779643519659769790123789032
24 1165902809416598091507037340327
25 57185574625598097301704253202410
26 2919097858402354315724553393438843
27 154840606219416091294796054997422308
28 8522754146647681259603393470769237097
29 486141218920604584738566522348577967550
30 28701196223856192472039335765670644003966
Table 2
The number A(n) of reflexible unrooted maps with n edges.
n Number A(n) of reflexible maps with n edges
01 2
02 5
03 20
04 85
05 418
06 2242
07 12828
08 77777
09 493286
10 3260485
11 22314484
12 157735801
13 1147285362
14 8570960234
15 65611620808
16 513963377327
17 4113363020482
18 33598074760393
19 279764563749076
20 2372822051513583
21 20481425601917742
22 179795508212739402
23 1604084463778300348
24 14536376462636666141
25 133728677812179105450
26 1248303757200332257661
27 11817886152036766745680
28 113422525246008897816751
29 1103120723500737902997778
30 10867992822093156444459770
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Table 3
The number T (n) of twins with n edges.
n Number T (n) of twins with n edges
01 0
02 0
03 0
04 11
05 226
06 3597
07 55006
08 892791
09 15763270
10 305360481
11 6483720916
12 150200835113
13 3774756521566
14 102339496556342
15 2977913930684928
16 92579209306356230
17 3062597993515937128
18 107418845568842941190
19 3981908640735783136040
20 155550641755207044201203
21 6386956485346593118371744
22 275001656074337227216813483
23 12389821759027842663172744342
24 582951404701030857522200337093
25 28592787312732184311946037048480
26 1459548929200553005983676530590591
27 77420303109702136704322009115338314
28 4261377073323783918539073730935710173
29 243070609460301740808921510805337484886
30 14350598111928090802023256836257099772098
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